Abstract. We discuss the dynamics of an arbitrary semigroup of transcendental entire functions using Fatou-Julia theory and provide some condition for the complete invariance of escaping set and Julia set of transcendental semigroups. Some results on limit functions and postsingular set have been discussed. A class of hyperbolic transcendental semigroups and semigroups having no wandering domains have also been provided.
introduction
Let f be a transcendental entire function and for n ∈ N let f n denote the n-th iterate of f. The set F (f ) = {z ∈ C : {f n } n∈N is normal in some neighborhood of z} is called the Fatou set of f or the set of normality of f and its complement J(f ) is called the Julia set of f . An introduction to the basic properties of these sets can be found in [4] . The escaping set of f denoted by I(f ) is the set of points in the complex plane that tend to infinity under iteration of f . The set I(f ) was introduced for the first time by Eremenko [7] who established that I(f ) is non empty, and each component of I(f ) is unbounded.
A complex number ξ ∈ C is called a critical value of a transcendental entire function f if there exist some w ∈ C such that f (w) = ξ and f ′ (w) = 0. Here w is called a critical point of f and its image under f is a critical value of f. A complex number ζ ∈ C is an asymptotic value of a transcendental entire function f if there exist a curve Γ tending to infinity such that f (z) → ζ as z → ∞ along Γ. Recall the Eremenko-Lyubich class B = {f : C → C transcendental entire : Sing(f −1 ) is bounded},
where Sing(f −1 ) is the set of critical values and asymptotic values of f and their finite limit points. Each f ∈ B is said to be of bounded type. Moreover, if f and g are of bounded type, then so is f • g [6] . The definitions for critical point, critical value and asymptotic value of a transcendental semigroup G were provided in [12] .
Two functions f and g are called permutable if f •g = g•f. Fatou [3] proved that if f and g are two rational functions which are permutable, then F (f ) = F (g). This was an important result that motivated the dynamics of composition of complex functions. Analogous results for transcendental entire functions is still not known, though it holds in some very special cases [2, Lemma 4.5] . The authors in [14] have constructed several examples where the dynamical behavior of f and g differ to a large extent, from the dynamical behavior of their compositions. Using approximation theory of entire functions, they have shown the existence of entire functions f and g having infinite number of domains satisfying various properties and relating it to their compositions. They explored and enlarged all the maximum possible ways of the solution in comparison to the past result worked out. It would be interesting to explore such relations in the context of transcendental semigroups and its constituent elements. In [13] , the authors considered the relationship between Fatou sets and singular values of transcendental entire functions f, g and its compositions. They provided several conditions under which Fatou sets of f and f • g coincide and also considered the relation between the singular values of f, g and their compositions.
Recently, the dynamics of composite of two or more complex functions have been studied by many authors. The seminal work in this direction was done by Hinkkanen and Martin [9] related to semigroups of rational functions. In their papers, they extended the classical theory of the dynamics associated to the iteration of a rational function of one complex variable to the more general setting of an arbitrary semigroup of rational functions. Several results were extended to semigroups of transcendental entire functions in [11, 12, 15, 16, 18, 23] . It should be noted that Sumi has done an extensive work in the semigroup theory of rational functions and holomorphic maps. He has written a series of papers, for instance, [21, 22] .
A transcendental semigroup G is a semigroup generated by a family of transcendental entire functions {f 1 , f 2 , . . .} with the semigroup operation being functional composition. Denote the semigroup by G = [f 1 , f 2 , . . .]. Thus, each g ∈ G is a transcendental entire function and G is closed under composition. The semigroup G is called abelian if
is the largest open subset of C on which the family of functions in G is normal and the Julia set J(G) of G is the complement of F (G), that is, J(G) = C \ F (G). The semigroup generated by a single function g is denoted by [g] . The following definitions are well known in transcendental semigroup theory
Furthermore, W is called completely invariant under G if it is both forward and backward invariant under G.
For a transcendental semigroup G, F (G) is forward invariant and J(G) is backward invariant, [18, Theorem 2.1].
The contrast between the dynamics of a semigroup and those of a single function is that the semigroup dynamics is more complicated. For instance, F (G) and J(G) need not be completely invariant and J(G) may have interior points without being entire complex plane C, [9] . In [15] , the authors extended the dynamics of a transcendental entire function on its escaping set to the dynamics of semigroups of transcendental entire functions on their escaping sets and initiated the study of escaping sets of semigroups of transcendental entire functions.
In this paper, we have considered the dynamics of an arbitrary semigroup of transcendental entire functions using Fatou-Julia theory. We have provided some condition for the complete invariance of escaping set and Julia set of a class of transcendental semigroups. Some results on limit functions and postsingular set have been discussed. A class of hyperbolic transcendental semigroups and semigroups having no wandering domains have also been provided.
theorems and their proofs
Recall [15, Definition 2.1], for a transcendental semigroup G, the escaping set of G, denoted by I(G) is defined as I(G) = {z ∈ C| every sequence in G has a subsequence which diverges to infinity at z}.
The following result provides backward invariance of I(G).
. .] be an abelian transcendental semigroup. Then the escaping set of G, I(G) is backward invariant under G.
Proof. We have to show
Suppose w / ∈ I(G). Then some sequence {g n } in G has no subsequence which diverges to ∞ at w. That is, some sequence {g n } in G has all its subsequences which are eventually bounded at w. Let g ∈ G and consider the sequence {g n • g}. As all subsequences of {g n } are eventually bounded at w, and g is continuous therefore, all subsequences of {g • g n } are bounded at w. As G is abelian therefore, g n • g = g • g n for all n ∈ N. So, all subsequences of the sequence {g n • g} are eventually bounded at w, that is, all subsequences of the sequence {g n } are eventually bounded at g(w) and so g(w) / ∈ I(G) for all g ∈ G, that is, w / ∈ g −1 (I(G)) for all g ∈ G. Therefore, g −1 (I(G)) ⊂ I(G) for all g ∈ G and this completes the proof of the theorem. Even if a transcendental semigroup G is non abelian, still I(G) (and hence I(G)) can be completely invariant. We first prove an elementary lemma. Lemma 2.3. Let f be a transcendental entire function. Then the closure of any forward invariant subset of C is forward invariant.
Proof. Suppose A ⊂ C is forward invariant and let z ∈ A. Then there exist a sequence {z n } in A such that z n → z and so f (z n ) → f (z). As A is forward invariant, so f (z) ∈ A and hence A is forward invariant.
. . , g n ] be a finitely generated transcendental semigroup in which each g i , 1 ≤ i ≤ n is of bounded type. Then I(G) is completely invariant under G.
Proof. As I(G) is forward invariant under G, so from above lemma, its closure is forward invariant under G. We now show I(G) is backward invariant under G, that is, g −1 (I(G)) ⊂ I(G) for all g ∈ G. Let w / ∈ I(G). There exist a neighborhood U of w such that U ∩I(G) = ∅. As G is of bounded type so I(G) ⊂ J(G) and this will imply that U ⊂ F (G) ⊂ F (g) for all g ∈ G. So U ∩ I(g) = ∅ for all g ∈ G which implies w / ∈ I(g) for all g ∈ G and so g(w) / ∈ I(g) for all g ∈ G. Therefore, g(w) / ∈ I(G) for all g ∈ G, that is, w / ∈ g −1 I(G) which proves the backward invariance of I(G).
As a consequence, one obtains
Corollary 2.5. Let G = [g 1 , . . . , g n ] be a finitely generated transcendental semigroup in which each g i , 1 ≤ i ≤ n is of bounded type. Then J(G) is completely invariant under G.
Proof. From [15, Theorem 4.5(ii)] J(G) = I(G) and so from above lemma, J(G) is completely invariant under G.
In the next result, the relation between the escaping set of a semigroup and its generators has been provided.
i (I(G)). The argument for proving backward implication is similar to the one used in the proof of Theorem 2.1. We give it for completeness. Suppose w / ∈ I(G). Then some sequence {f n } in G has no subsequence which diverges to ∞ at w. That is, some sequence {f n } in G has all its subsequences which are eventually bounded at w. For g i ∈ G, 1 ≤ i ≤ k consider the sequence {f n • g i }. As all subsequences of {f n } are eventually bounded at w, and g i is continuous therefore, all subsequences of {g i • f n } are bounded at w. As G is abelian so, f n • g i = g i • f n for all n ∈ N. So, all subsequences of the sequence {f n • g i } are eventually bounded at w, that is, all subsequences of the sequence {f n } are eventually bounded at g i (w) and so
i (I(G)) ⊂ I(G) and this completes the proof of the theorem.
Recall, [10, p. 61 ] for a transcendental meromorphic function g, a function ψ(z) is a limit function of {g n } on a component V ⊂ F (g) if there is some subsequence of {g n } which converges locally uniformly on V to ψ. Denote by L(U) all such limit functions. The following result gives a criterion for connectivity of J(G).
Theorem 2.7. Let G = [g 1 , . . . , g n ] be a finitely generated abelian transcendental semigroup. If for each i, 1 ≤ i ≤ n, every Fatou component of g i is bounded and ∞ is not a limit function of any sequence in G in a component of F (G), then J(G) ⊂ C is connected.
Proof. Observe that for all g ∈ G, every component of F (g) is bounded. As ∞ is not a limit function of any sequence in G in a component of Remark 2.8. For all g ∈ G, every Fatou component of g is simply connected, and therefore, J(g) ⊂ C is connected.
Theorem 2.9. Let f be a transcendental entire function of period of c and let g = f m + c for some m ∈ N. Let U ⊂ F (f ) be an invariant component and φ be a limit function of {f n } on U. Then φ is a limit function of {(f • g) n } on U and φ + c is a limit function of
On similar lines it can be seen that lim(g • f ) n i (z) = φ(z) + c on U and hence the result.
postsingular set
Recall that the postsingular set of an entire function f is defined as
For a transcendental semigroup G, let
The next result gives the relation between postsingular set of compose of two entire functions with those of its factors.
Lemma 3.1. Let f and g be permutable transcendental entire functions of bounded type. Suppose f (Sing(g −1 )) ⊂ Sing(g −1 ) and g(Sing(f
Using permutability of f and g,
Remark 3.2. It can be seen by an induction argument that if g 1 , . . . , g n are permutable entire functions of bounded type satisfying g i (Sing(
Recall that an entire function f is called hyperbolic if the postsingular set P(f ) is a compact subset of F (f ). For instance, e λz , 0 < λ < 1 e are examples of hyperbolic entire functions. A transcendental semigroup G is called hyperbolic if each g ∈ G is hyperbolic [15] . Also recall that an entire function f is called postsingularly bounded if the postsingular set P(f ) is bounded. A transcendental semigroup G is called postsingularly bounded if each g ∈ G is postsingularly bounded [15] . The following result provides a class of hyperbolic transcendental semigroups.
. . , g n ] be a finitely generated abelian transcendental semigroup in which each generator is of bounded type. Suppose for each i, j,
Then, if the generators of G are hyperbolic, then so is G.
Using the permutability of each g i , any g ∈ G can be represented as g = g
Using the hyperbolicity of the generators,
F (g i ) that P(g) ⊂ F (g). Thus, P(g) is a compact subset of F (g) and so is hyperbolic. This completes the proof of the theorem. Recall that a component U of F (G) is called a wandering domain of G if the set {U g : g ∈ G} is infinite (where U g is the component of F (G) containing g(U)). The next result rules out the existence of wandering domains for a transcendental semigroup. To prove the result, we require the following lemmas. G = [g 1 , . . . , g n ] be a finitely generated abelian transcendental semigroup in which each generator is of bounded type. If for all g ∈ G, P(g) ∩ J(g) = ∅, then G has no wandering domains.
Proof. By hypothesis, g has no wandering domains for all g ∈ G. It suffices to show that P(G) ∩ J(G) = ∅. Using Lemmas 3.5 and 3.6,
Using hypothesis, we get that P(G) ∩ J(G) = ∅. As a consequence of [12, Theorem 5.23] , G has no wandering domains.
